We examine in detail the theory of the intrinsic nonlinearities in the dynamics of trapped ions due to the Coulomb interaction. In particular, the possibility of mode-mode coupling, which can be a source of decoherence in trapped ion quantum computation, or can be exploited for parametric downconversion of phonons, is discussed and conditions under which such coupling is possible are derived.
Introduction
Cold ions confined in electromagnetic traps and cooled by means of lasers are very important experimental systems, both for the study of problems of fundamental physics, such as cold non-neutral plasmas or quantum dynamics, and for technological applications, such as optical frequency standards. In the past few years, systems of this kind have been the subject of intense study as a possible architecture for the realization of a quantum computer [1] [2] [3] (for reviews of progress towards this goal, see [4] [5] [6] [7] ). In comparison with other experimental systems used in the investigation of fundamental quantum phenomena, cold-trapped ions offer a number of advantages. In particular, it is a relatively "clean" system whose behavior is well characterized by theory; simplified models of interactions between two-level systems and quantum harmonic oscillators can be realized experimentally. Considerable achievements in the production of non-classical states of matter [8] , and other fundamental physics problems such as high-efficiency measurements of Bell's inequalities [9] or tests of cavity quantum electrodynamics [10] , have been made.
As is well known [11] , it is impossible to confine charged particles by electrostatic forces alone. To overcome this problem, the radio-frequency Paul trap was developed: such devices create an effective binding potential in the x and y directions, while a weaker static potential is applied in the z direc- [12] . When two or more ions are confined in such a trap, they will repel each other due to the Coulomb force, resulting in confined charged plasmas with very low densities. When sufficiently cold, the plasma will condense into a crystalline state. In the highly anisotropic traps used for some atomic clocks [13] and for quantum computing, this crystalline state is, for small enough numbers of ions, a simple chain of ions lying in a straight line along the axis of weak binding. In what follows, we shall examine the oscillatory behavior of ions confined in such a linear configuration. The ions are assumed to be sufficiently cold that they undergo only small oscillations around their equilibrium positions. In this case, the Lagrangian of the motion can be expanded as a Taylor series around these equilibrium positions. As we shall see, the first term of this expansion is a constant (which has no effect on the motion), the second term vanishes (by virtue of the condition for equilibrium), the third term describes coupling of one ion's motion to all of the others (and can be easily resolved into a series of normal modes describing the collective oscillations of the ions), and the fourth term (whose consequences are the main theme of this paper) describes an intrinsic coupling between the different modes.
The effects of non-linearities in the coupling of harmonically bound particles is a problem with a long history: for example, Fermi, Pasta, and Ulam investigated such dynamics computationally in 1954-55, using the early Los Alamos MANIAC computer, with a view to explaining the equipartition of energy between modes as the system reaches thermal equilibrium [14] . In the quantum realm, the non-linearities lead to couplings between the normal modes of oscillation. In certain ways this coupling is analogous to χ (2) non-linear optical effects [15] , in that, provided certain conditions are met, quanta of one oscillatory mode can be down-converted into twinned pairs of quanta of other modes. Obviously, since the Taylor expansion is an infinite series, higher terms, describing more complex multi-mode couplings, will be present; we will, however, not consider them in this current work.
The paper is organized as follows. In Sect. 2 the Lagrangian of the ion motion is presented and the derivation of the normal modes of the ion oscillations is reprised; the classical description of mode-mode coupling in terms of the Hamiltonian, is formulated. In Sect. 3 the properties of the mode-mode coupling coefficients are discussed, and Sect. 4 discusses the quantum theory of this coupling and the pop-ulation transfers that it can cause. Section 5 summarizes our conclusions.
2

Lagrangian of the ion motion in the trap
Consider N identical ions of mass M and charge Q confined in an effective three-dimensional harmonic potential 1 . The position of the n-th ion will be denoted by (x n1 , x n2 , x n3 ) (see Fig. 1 ), where the ions are numbered in order of increasing value of their axial positions x n3 , so that n > m implies that x n3 > x m3 . Besides the trap potential, each ion experiences a Coulomb interaction with each of the other ions. Thus the total potential energy of the ions is given by
where ω 1 , ω 2 , and ω 3 are the angular frequencies of the trap in the three directions. For simplicity, we will assume that the trapping potentials are equal in two transverse directions (1 and 2) and that the trapping potential in the axial direction 3 is much weaker, i.e.
where α 1 is a dimensionless parameter characterizing the anisotropy of the trap. The equilibrium positions of the ions, denoted byx ni ((n = 1, . . . , N), (i = 1, 2, 3)), are determined by the following equations:
where the subscript 0 denotes that the partial derivatives are evaluated at x ni =x ni . The solutions of these equilibrium equations in strongly anisotropic trapping conditions (so that the ions are aligned along the weak axial direction 3, i.e.x n1 = x n2 = 0) have been investigated by various authors [17] [18] [19] (see also [20, 21] for analysis of ion crystals with two different species of ion). It will be convenient to use the dimensionless equilibrium positions defined by u n =x n3 / , where the length scale is defined by
The displacements of the ions from their equilibrium position are denoted by ξ ni , i.e.
x ni (t) =x ni + ξ ni (t) .
(5) 1 In reality, the ions experience a time varying force whose effects can be modeled as an effective harmonic motion plus a high-frequency oscillation called micromotion. Experimental techniques for minimizing this effect are explained in [16] . Here we will assume that the amplitudes of transverse oscillations are sufficiently small that micromotion can be neglected in this paper. The Lagrangian describing the motion is then
Making a Taylor expansion about the equilibrium positions, this may be approximated as
Neglecting both the constant V 0 (which has no effect on the dynamics) and the higher order terms, and evaluating the partial derivatives explicitly (see Appendix A), the Lagrangian may be approximated by
The first term represents oscillations of the ions along the axial (i = 3) direction, the second term oscillations in the transverse directions (i = 1, 2), and the third term represents coupling between these oscillations which are a direct and unavoidable consequence of the Coulomb interaction between the ions. 201 The tensors A mn , B mn , and C mn p are given by
where sgn(x) stands for the sign of x and δ mn is the Kronecker delta. The third rank tensor C mn p is symmetric under any exchange of two subscripts; thus, for example,
All the elements of A mn and C mn p can be calculated numerically from the dimensionless equilibrium positions of the ions. The matrix A mn is real, symmetric, and positive definite. Thus its eigenvalues µ p are non-negative. The eigenvectors b
where the eigenvectors are numbered in order of increasing eigenvalue. The eigenvectors form a complete basis so that
For any value of N, the first two eigenvectors are the center of mass mode b (1) = 1/ √ N(1, 1, . . . , 1), (µ 1 = 1) and the stretch mode b (2) 
n . All the eigenvalues and eigenvectors can be calculated numerically; their approximate values are given, for example, in [18] for two to ten ions. The dynamics of these modes have been confirmed directly in experiments [22] . From (10) we see that B mn has the same eigenvectors as A mn but different eigenvalues:
where the eigenvalue γ p is related to the longitudinal eigenvalue by the formula
If α > α crit = 2/(µ N − 1) the matrix B nm is not positive definite; this implies unstable transverse oscillation modes, and results in the formation of "zig-zag" crystal structures [23] .
We shall assume however that α is kept sufficiently small that this situation does not arise. Note that, with this convention, the transverse oscillation modes are numbered in order of decreasing eigenvalue, so that the p = 1 center of mass mode has the largest eigenvalue. Using these eigenvectors, the normal modes of the oscillations of the ions in the three directions are defined as follows:
The Lagrangian (8) can be rewritten in terms of these normal modes quite straightforwardly. Not surprisingly, one finds that, neglecting the fourth order term, the Lagrangian becomes a sum of Lagrangians of harmonic oscillators. The canonical momenta conjugate to X n are Π x n = ∂L/∂Ẋ n (with analogous definitions for Π y n and Π z n ). Using these momenta, the Hamiltonian for the ion motion is
where H 0 is the Hamiltonian for all of the uncoupled collective oscillations, i.e.
with ν n = ω 3 √ µ n being the angular frequency of the n-th mode in the z direction and Ω n = ω 3 √ γ n being the angular frequency of the n-th transverse mode. The Hamiltonian H I describes the perturbation which, in certain circumstances, couples these various modes. It is given by
where the mode-mode coupling coefficients D pqr are defined by
Note that the sign of D pqr depends on the sign of the eigenvector b ( p) , which is undetermined. We will adopt the convention that the sign of the N-th component of b ( p) is always positive, for all modes and values of N.
We should mention that other mechanisms by which resonant interactions between ion motion in different directions are coupled have been studied. In particular Werth et al. at the University of Mainz have investigated experimentally the parametric coupling of different stable configurations of molecular ion clouds [24] . Cross-mode couplings due to static field imperfections, which can be a cause of heating or of decoherence, have also been discussed in Sect. 4.1.8 of [4] .
3
Properties of the coupling coefficients
In this section we discuss some of the properties of the coefficients C mn p and D mn p , which are central to the subsequent development of phonon-phonon interactions in ion traps. The first important symmetry property stems directly from the definition of C mn p , (11): the tensor C mn p is symmetric under exchange of two subscripts; further, because of the definition (20) , so is D mn p . From (11), we also have the property C mmn = −C nnm (provided that m = n). These properties imply that N p=1 C mn p = 0 .
This can be shown as follows: if m = n, we have N p=1 C mn p = C mnn + C mnm , since C mn p is always zero if all three indices are different. However, since C mnm = C mmn = −C nnm = −C mnn , the sum is zero. If m = n, N p=1 C mm p = C mmm + N p=1, p =m C mm p , which, by the definition of C mmm from (11), must also be zero. The identity (21) implies that, since b (1) 
Thus, when considering the three-mode mixing described by (19) , the center of mass ( p = 1) mode has zero coupling strength to any other mode. Physically, this can be explained as follows. The p = 1 mode is special since it is the only mode in which the center of mass of the crystal is displaced: as can be seen from (13) 
Thus to excite or de-excite the p = 1 mode requires the application of an external force to change the momentum of the crystal as a whole, while no such force is required to transfer energy between any of the other modes.
This result has important consequences: firstly, if one wants to avoid mode-mode coupling entirely, for example when performing quantum logic operations between ions, it would behoove one to use the center of mass mode as the "quantum bus" as originally proposed by Cirac and Zoller [1] . However, in some experiments [25] , it has been found that the quantum state of the center of mass mode is rapidly degraded by excitations from various extraneous sources. Our result, (22) , tends to rule out coupling to other ion oscillation modes which may have been imperfectly cooled as a sources of such heating. Furthermore, when the center of mass mode is preferentially heated, it will not cause heating of the other modes.
A second interesting property of C mn p can be expressed as
where A mn is the ion coupling tensor defined by (9) . This result can be demonstrated as follows: if m = n, then N p=1 C mn p u p = C mnn u n + C mnm u m = (u n − u m )C mnn = 1/ |u n − u m | 3 , where the last step results from the definition of C mnn in terms of the scaled equilibrium positions u p .
Comparing these expressions involving the u p 's with the definition of A mn , (9), we obtain (23). This result implies that
where, as before, N = N n=1 u 2 n . Thus the coupling of the first stretch mode ( p = 2) is constrained so that it will only be coupled to a single other mode rather than to two distinct modes.
For N = 2 and N = 3, we can determine the coefficients D mn p algebraically, using the exact expressions for the equilibrium positions and mode vectors which can be obtained in those two simple cases. We find that
All the other coefficients must be determined numerically, although this is a reasonably straightforward task. The approximate numerical values of the non-zero coefficients for two to ten ions are given in Tables 2 and Table 3 . 
Quantization of the Hamiltonian
We can now consider the quantum motion of the ions by introducing the following position and momentum operators:
where, as before, the Z-coordinate refers to motion along the axial direction of the trap, while the X-and Y -coordinates correspond to displacements in the transverse direction. These operators obey the canonical commutation relations
The Hamiltonian becomeŝ
wherê
where ε is a dimensionless quantity which characterizes the strength of the non-linearity; it is given by
Ion Values of the parameter ε for various ions and trapping frequencies where α fsc is the fine structure constant. Alternatively, ε = σ/4 , where σ = √ h/2Mω 3 is the approximate width of the wavepackets of the individual ions, and , defined by (4), is the length scale on the order of the separation between ions. Since both D mn p and µ p are, at most, on the order of unity, while γ p is assumed to be much larger than unity, we have
Values of ε for a variety of ions and traps are given in Table 1 , which shows that this parameter tends to have a small value in experimental circumstances, implying that the treatment ofĤ I as a perturbation can be justified. We will denote the eigenstates and eigenvalues ofĤ 0 by
Resonance conditions
Fermi's golden rule [26] implies that population transfer between two eigenstates |i and | f ofĤ 0 induced by the interactionĤ I can only occur if the matrix element f |Ĥ I |i is non-zero and if the energies of |i and | f are equal 2 . These conditions allow us to neglect a considerable number of the terms that occur when (29) is expanded. For example, because the square roots of the eigenvalues of A mn are all irrational numbers (with the sole exception of µ 1 ), it follows that ± √ µ p ± √ µ m ± √ µ n = 0; hence we can neglect all the terms of the form (â p +â † p )(â m +â † m )(â n +â † n ). Similarly, terms involving three creation or three annihilation operators can be ignored. Making these approximations, and using the symmetry properties of D mn p and the commutation relations (27) , we obtain the following simplified expression for the interaction Hamiltonian (in the interaction picture):
where h.a. stands for the hermitian adjoint of the preceding term, and ∆ (±) mn p = √ γ m ± √ γ n − √ µ p . We shall refer to the term proportional to exp(i∆ (−) mn p ω z t), which involves the creation of a transverse phonon and simultaneous annihilation of both a longitudinal and a transverse phonon 204 Applied Physics B -Lasers and Optics (and the reverse process, contained within the hermitian adjoint part of (34)), as a resonance of the first kind; the term with exp(i∆ (+) mn p ω z t), (which creates two transverse phonons in different modes by annihilating a longitudinal phonon) will be called a resonance of the second kind. Since the only experimentally controllable parameter in the definitions of ∆ (±) mn p is the anisotropy parameter α, it is natural to ask at what values of α a resonance can occur. A necessary condition for resonance (i.e. for ∆ (+) mn p = 0 or ∆ (−) mn p = 0) is
Using the known values of the eigenvalues µ p (see Table 2 of [18] ), appropriate values for α can be found straightforwardly. However, not all of these values of α given by (35) correspond to a resonance, and one must determine whether or not the appropriate condition for either type of resonance is satisfied by direct substitution into the formulas for ∆ (±) mn p . Since √ µ p = 0, resonances of the first kind are only possible when two distinct transverse modes are involved (i.e. m = n); resonances of the second kind can occur involving a single transverse mode (i.e. m can be equal to n). Resonances of the first kind tend to be very weak; the coupling coefficients do not exceed 1.6 × 10 −3 for L ≤ 10, and are always zero for L ≤ 6. The values of α for the two types of resonance are given in Tables 2 and 3 (Appendix B) and are plotted for different numbers of ions in Fig. 2 . Only those values less than the critical value α crit are included, since our analysis is based on the assumption that the ions are in a linear configuration. One important result stems from this analysis. Resonance cannot occur for values of α below the minimum value given 
Thus, should one wish to avoid any form of mode-mode coupling due to the fourth order terms we consider in this paper, this can be ensured by using a trap with an anisotropy parameter smaller than 4/(3µ N − 2). This can also be expressed in terms of the critical anisotropy for the onset of zig-zag, α crit : there will be no three-mode mixing if α < 4α crit / (α crit + 6).
Example of mode-mode coupling
As a specific example of the above general analysis, let us assume that we have six ions confined in a trap with an anisotropy factor of α = 0.09151. For this value of α, a resonance of the second kind (∆ (+) mn p = 0) occurs for the three modes (m, n, p) = (5, 6, 5) and also for (m, n, p) = (6, 5, 5) (since there is symmetry between m and n for resonances of the second kind).
The coupling Hamiltonian can be simplified by neglecting all off-resonant terms; for this case we get
where we have used the fact that D 655 = D 565 and that b † 5 ,b † 6 = 0 (and similarly for theĉ † m ). From Table 3 we see that D 655 = 4.2528 and α = 0.09151; from Table 2 of [18] we find µ 5 = 13.51; using (15) we find γ 5 = 4.6709 and γ 6 = 2.2949; thus 6D 655 / 4 √ µ 5 γ 5 γ 6 = 7.3556.
As an example we will consider the case of coupling between three states defined by |Ψ = | {0, 0, 0, 0, 0, 0} , {0, 0, 0, 0, 0, 0} , {0, 0, 0, 0, 1, 0} , |Φ = | {0, 0, 0, 0, 0, 0} , {0, 0, 0, 0, 1, 1} , {0, 0, 0, 0, 0, 0} , |χ = | {0, 0, 0, 0, 1, 1} , {0, 0, 0, 0, 0, 0} , {0, 0, 0, 0, 0, 0} ,
where we have used the notation for the motional quantum states of the ion modes defined in (32). Note that the coupling defined by (37) only involves the fifth longitudinal mode and the fifth and sixth transverse modes; the states of the other modes are unaffected; thus although we have set these other modes to have zero population in the definitions of |ψ , |φ , and |χ , they can be in arbitrary states without changing the analysis. The interaction picture state describing the system is given by
Due to the resonance condition, Ĥ 0 ,Ĥ I = 0 and the interaction picture coupling Hamiltonian is e i hĤ 0 tĤ
Thus the Schrödinger equation describing the evolution of the system is given by
which implies that the probability amplitudes obey the following set of coupled equations: where Γ = εω 3 (6D 565 / 4 √ µ 5 γ 5 γ 6 ). The solutions of these equations can be obtained straightforwardly using Laplace transforms:
These solutions are plotted in Fig. 3 for the case ψ(0) = 1 (i.e. the longitudinal phonon mode initially excited) and in Fig. 4 for the case of φ(0) = 1 (i.e. two transverse modes in the x direction initially excited).
Entanglement
Let us consider in detail the first example, shown in Fig. 3 . The crystal of six ions was prepared with a single quanta in the fifth oscillatory mode, i.e. the state |Ψ(0) = | {0, 0, 0, 0, 0, 0} , {0, 0, 0, 0, 0, 0} , {0, 0, 0, 0, 1, 0} .
After a time t 1 = π/2 √ 2Γ the crystal will have evolved into the state
, 0, 0, 0, 0, 0} , {0, 0, 0, 0, 1, 1} , {0, 0, 0, 0, 0, 0} + | {0, 0, 0, 0, 1, 1} , {0, 0, 0, 0, 0, 0} , {0, 0, 0, 0, 0, 0} ) .
This later state has the property of being entangled: it cannot be written as a product of the state of fifth and of the sixth oscillatory modes. This can be thought of as analogous to the type of polarization entangled states of photon pairs generated in optical down-conversion experiments [27] .
The two transverse directions of oscillation are analogous to the photon polarizations, while the oscillatory mode is analogous to the spatial mode of the photons. The initially excited longitudinal oscillations play the role of the pump laser. Controlling this process in ion traps will be achieved by switching the trap anisotropy parameter α into the appropriate resonance parameter for the appropriate amount of time, then rapidly switching it to a non-resonant value: this will have the effect of turning on the phonon-phonon interaction for a specific time. Furthermore, the technology for preparing oscillatory quantum states of trapped ions is, at the moment, more advanced than the current state of the art for preparing quantum states of the electromagnetic field. Specifically, one can hope to prepare the "pump" longitudinal mode in a single excitation Fock state, while creating single photons is still somewhat problematic. Thus, in principle, deterministic preparation of oscillatory entangled states may be attained, in contrast to the non-deterministic, postselection state preparation in quantum optics experiments. Furthermore the method of entangled oscillatory state preparation described here, combined with the variety of techniques for creating entanglement of internal degrees of freedom raises the possibility of creating hyper-entangled states in ion traps [28] .
C o n c l u s i o n
In this paper we have analyzed the dynamics of ions confined in harmonic traps. The normal modes of the oscillations of the ions are intrinsically coupled by the Coulomb interaction. This "three-mode mixing" is in some ways analogous to non-linear optical effects. There are two important results that our analysis has revealed: first, if one wishes to avoid these effects altogether, the trap anisotropy, characterized by the parameter α defined by (2) , must be less than a certain value given by (36); secondly, this effect in principle may be exploited to create entangled motional states of the ions, by carefully controlling the dynamics of the ions, as outlined in Sects. 4.3 and 4.4. How the resulting entangled states may be exploited for tasks in quantum information is a promising avenue for further investigation. Coupling constants for resonances of the first kind (in which a transverse phonon creates a longitudinal phonon and a transverse phonon), see Appendix B for notes Appendices Appendix A Derivation of (9), (10), and (11) In this Appendix, we show how to derive the Lagrangian (8) from (7) . We will use the following notation:
The potential energy of the ions is
Thus we have Resonances of the second kind (in which a longitudinal phonon creates two transverse phonons), see Appendix B for notes These terms can be evaluated at equilibrium by making the following substitutions: Tables 2 and 3   Tables 2 and 3 list the non-zero values of the mode crosscoupling coefficients D mn p defined by (20) for crystals of two to ten ions, together with the associated resonant anisotropy parameter α. Other values may be determined via the symmetry relation D mn p = D m pn = D n pm = D nm p = D pmn = D pnm . Note however that the value of α is symmetric only under interchange of the first two indices.
